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Abstract. The longitudinal magnetoresistance (MR) is assumed to be hardly
realized as the Lorentz force does not work on electrons when the magnetic field is
parallel to the current. However, in some cases, longitudinal MR becomes large,
which exceeds the transverse MR. To solve this problem, we have investigated
the longitudinal MR considering multivalley contributions based on the classical
MR theory. We have showed that the large longitudinal MR is caused by off-
diagonal components of a mobility tensor. Our theoretical results agree with
the experiments of large longitudinal MR in IV-VI semiconductors, especially in
PbTe, for a wide range of temperatures, except for linear MR at low temperatures.
Keywords: magnetoresistance, large longitudinal magnetoresistance, multivalley
systems, PbTe
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1. Introduction
Magnetoresistance (MR) is one of the most funda-
mental phenomena in solid-state physics. It was dis-
covered by Thomson (Lord Kelvin) in 1857 [1] and
is available in every standard textbook of solid-state
physics [2, 3, 4]. Some monographs specialized in MR
are also available [5, 6]. It seems that the physics of
MR is old and well understood. However, many fac-
tors have not reached a consensus, e.g., (quasi) lin-
ear MR [7, 8, 9, 10, 11, 12] and negative longitudinal
MR [13, 14]. The large longitudinal MR is one of such
fundamental mysteries that need to be explored. Ac-
cording to the textbook knowledge, the transverse MR
arises for semimetals or multivalley systems [2, 3, 4, 11].
On the other hand, the longitudinal MR never arises.
However, the longitudinal MR often realizes experi-
mentally. One striking example is the large longitu-
dinal MR in IV-VI semiconductors [15, 16, 17].
Allgaier detailed the transverse and longitudinal
MR of IV-VI semiconductors (PbS, PbSe, and PbTe)
at 295, 77.4, and 4.2 K for various n- and p-type
samples. Each sample exhibits anomalously large
longitudinal MR, which is comparable to transverse
MR. Especially, in PbTe, the longitudinal MR is
larger than the transverse MR. Although the large
longitudinal MR in PbTe has been reported repeatedly
[16, 17], its mechanism has not been clarified yet.
The electronic structure of IV-VI semiconductors is
quite different from group IV semiconductors or III-
V semiconductors: there are four ellipsoidal Fermi
surfaces of doped carriers at the L points in the
Brillouin zone but not at the Γ point; i.e., IV-VI
semiconductors are being referred to as multivalley
systems.
In this paper, we theoretically analyze the
longitudinal and transverse MR of multivalley systems.
Although some theoretical studies showed that the
longitudinal MR can be realized in multivalley systems
[18, 19, 20, 21, 22] but its mechanism has not
been clarified yet, which is the main subject of this
paper. Especially, we have not reached an intuitive
explanation of why the large longitudinal MR is
realized. In addition, the quantitative explanation
for the experimental results on PbTe has not been
given yet, which is the second subject of this paper.
We adopt the MR theory in the tensor form, which
makes the calculation very transparant, resulting in
the clarification of the mechanism of large longitudinal
MR. The tensor form of MR theory was derived by
Mackey and Sybert based on the Boltzmann equation
[23], while here we reformulate their theory based on
the classical equation of motion.
2. Theory
The classical equation of motion in external electric
(E) and magnetic (B) fields is given as
m∗
dv
dt
= ±e(E + v ×B)− m
∗
τ
v, (1)
wherem∗ is the effective mass, v is the velocity, and τ is
the relaxation time of carriers. e > 0 is the elementary
charge, and the upper (or lower) sign corresponds to
the charge of the holes (electrons). In the static limit
(dv/dt = 0), the current density j = ±nev becomes
j = neµˆ ·
(
E ± 1
ne
j · Bˆ
)
. (2)
In this study, we have introduced the mobility tensor
µˆ and the magnetic tensor Bˆ:
µˆ =

µxx µxy µxzµyx µyy µyz
µzx µzy µzz

 , Bˆ =

 0 −Bz ByBz 0 −Bx
−By Bx 0

 .
(3)
The mobility tensor can be expressed in terms of the
effective mass tensor mˆ as µˆ = eτmˆ−1, if one adopt the
constant relaxation time τ approximation. The mag-
netic tensor has the same form as the electromagnetic
tensor that appears in special relativity. It expresses
the outer product as j · Bˆ instead of j ×B. The con-
ductivity tensor σˆ, which is defiend by j = σˆ · E, is
then obtained as
σˆ = ne
(
µˆ−1 ± Bˆ
)−1
. (4)
This is equivalent to the Mackey–Syberts formula
based on the Boltzmann theory [23, 24], though Eq. (4)
is obtained from the classical equation of motion. For
the multivalley systems, the total conductivity tensor
is obtained by summing up the contributions of each
valley i, and the total magnetoresistivity, ρˆ, is given by
[25, 26]
ρˆ =
(∑
i
σˆi
)−1
, (5)
σˆi = nie
(
µˆ−1i ± Bˆ
)−1
. (6)
There is no limit for the magnetic field strength in the
above derivation. The carrier density can be different
among the valleys at high enough magnetic field (in the
quantum limit). In this paper, we assume that each
valley has the equivalent carrier density, i.e., n = ni
hereafter.
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(a) (b)
(c)
Figure 1. Fermi surfaces of (a) two-valley, (b) three-valley,
and (c) four-valley models. In general, the valleys are located
at different points in the Brillouin zone; in this figure, they are
displayed together at the center.
2.1. Two-valley system
First, we analyze the simplest case of the multivalley
system, i.e., two-valley system, in which one ellipsoidal
Fermi surface is orthogonal to another [Fig. 1 (a)]. The
mobility tensors are expressed as
µˆ1 = µ0

β 0 00 1 0
0 0 1

 , µˆ2 = µ0

1 0 00 β 0
0 0 1

 , (7)
where µ0 is the constant mobility and 0 < β < 1.
In this model, (1 − β)2 denotes the anisotropy of the
mobility.
The conductivities of each valley are obtained as
σ1xx = neµ0β
(
µ2
0
B2x + 1
)
/A1, (8a)
σ1yy = neµ0
(
βµ20B
2
y + 1
)
/A1, (8b)
σ1zz = neµ0
(
βµ20B
2
z + 1
)
/A1, (8c)
σ1xy = neµ0β
(
µ2
0
BxBy + µ0Bz
)
/A1, (8d)
σ1yz = neµ0
(
βµ2
0
ByBz + µ0Bx
)
/A1, (8e)
σ1zx = neµ0β
(
µ2
0
BzBx − µ0By
)
/A1, (8f)
σ2xx = neµ0
(
βµ20B
2
x + 1
)
/A2, (9a)
σ2yy = neµ0β
(
µ20B
2
y + 1
)
/A2, (9b)
σ2zz = neµ0
(
βµ20B
2
z + 1
)
/A2, (9c)
σ2xy = neµ0β
(
µ2
0
BxBy + µ0Bz
)
/A2, (9d)
σ2yz = neµ0β
(
µ2
0
ByBz + µ0Bx
)
/A2, (9e)
σ2zx = neµ0
(
βµ2
0
BzBx + µ0By
)
/A2, (9f)
where A1 = 1 + µ
2
0
[
B2x + β
(
B2y +B
2
z
)]
and A2 =
1 + µ2
0
[
B2y + β
(
B2x +B
2
z
)]
. The other off-diagonal
elements can be obtained by the relation σµν(B) =
σνµ(−B). First, we fix the current direction as
J ‖ (100). The transverse MR, B = (0, 0, B), and
the longitudinal MR, B = (B, 0, 0), are obtained from
Eqs. (5), (6), (8), and (9) in the following forms:
∆ρ⊥
ρ0
=
β(1− β)2(µ0B)2
(1 + β)2 + 4β2(µ0B)2
, (10)
∆ρ‖
ρ0
= 0, (11)
where ∆ρ⊥,‖ = ρ⊥,‖ − ρ0, and ρ0 = 1/[neµ0(1 + β)]
is the resistivity at zero field. ρ⊥ corresponds to
ρxx in B = (0, 0, B) and ρ‖ corresponds to ρxx in
B = (B, 0, 0). The MR is usually written as a function
of µ0B = ωcτ , where ωc = eB/m
∗ is the cyclotron
frequency. The longitudinal MR never arises along this
direction, whereas the transverse MR arises as it is
proportional to the anisotropy (1− β)2. ∆ρ⊥ ∝ B2 at
low field intensities, µ0B . 1, and saturates at strong
field limits, µ0B ≫ 1, as shown by the solid line in
Fig. 2 (a). (Here, we set β = 0.15 to be consistent
with the experiments on PbTe as discussed later. The
qualitative behavior of ∆ρ⊥,‖ is unchanged if we change
β.) These results for multivalley systems are well
known [11].
Next, we consider a case by rotating the current
orientation. We rotate the valley and fix the current
orientation instead of rotating the current orientation
and fixing the mobility. With respect to the rotation
in the x–y plane, the mobility tensors are given by
µˆi(θ) = Rˆ
−1(θ)µˆiRˆ(θ). The mobility tensors of each
Fermi surface are given as
µˆ1(θ) = µ0

 β cos2 θ + sin2 θ (1− β) cos θ sin θ 0(1− β) cos θ sin θ cos2 θ + β sin2 θ 0
0 0 1

 ,
(12)
µˆ2(θ) = µ0

 cos2 θ + β sin2 θ (β − 1) cos θ sin θ 0(β − 1) cos θ sin θ β cos2 θ + sin2 θ 0
0 0 1

 .
(13)
Large longitudinal magnetoresistance of multivalley systems 4
ρ⊥ (any current direction)
10-4
10-3
10-2
10-1
1 (a) 2-valley model
10 -4
10 -3
10 -2
10 -1
1 (b) 3-valley model
10 -4
10 -3
10 -2
10 -1
1
0.01 0.1 1 10
μ0B
(c) 4-valley model
ρ
‖
(J ‖(110))
ρ
‖
(J ‖(111))
ρ⊥ (J ‖(100))
ρ⊥ (J ‖(111))
ρ
‖
(J ‖(100))
ρ⊥ (J ‖(100))
ρ
‖
(J ‖(111))
ρ⊥ (J ‖(111))
Δ
ρ
/ρ
0
Δ
ρ
/ρ
0
Δ
ρ
/ρ
0
Figure 2. Magnetic field dependence of ∆ρ⊥,‖ regarding (a)
two-valley (β = 0.15), (b) three-valley (β = 0.15), and (c) four-
valley models (γ = 0.39).
Then, the MR is obtained as
∆ρ⊥(θ)
ρ0
=
β(1− β)2(µ0B)2
(1 + β)2 + 4β2(µ0B)2
, (14)
∆ρ‖(θ)
ρ0
=
(1− β)2(µ0B)2
2[1 + β + 2β(µ0B)2]
sin2 2θ. (15)
Unexpectedly, the longitudinal MR arises, with no
change in the transverse MR. ∆ρ‖ is proportional to
the anisotropy, (1−β)2, and sin2 2θ, i.e., ∆ρ‖ becomes
largest at θ = pi/4. For θ = pi/4, we obtain
∆ρ‖
∆ρ⊥
=
(1 + β)2 + 4β2(µ0B)
2
2β(1 + β) + 4β2(µ0B)2
. (16)
At low fields, µ0B ≪ 1, ∆ρ‖/∆ρ⊥ = (1 + β)/2β > 1,
and ∆ρ‖/∆ρ⊥ reaches unity in the high field limit.
This is a clear evidence that the longitudinal MR is
always larger than the transverse MR for whole region
of the magnetic field at θ = pi/4. The apparent value
of ∆ρ‖ being zero, Eq. (11), happened by accident due
to θ = 0. In other words, there is no reason that ∆ρ‖ is
smaller than ∆ρ⊥ except for the angle factor, contrary
to the common belief that ∆ρ‖ ≪ ∆ρ⊥. Both the
longitudinal MR and the transverse MR increase as
B2 at low fields (µ0B . 1), and they saturate at high
fields (µ0B ≫ 1) as shown in Fig. 2 (a).
The key for the large longitudinal MR is the off-
diagonal elements in µˆi. The off-diagonal elements
are proportional to the anisotropy and sin 2θ, which
provide the coefficient of ∆ρ‖(θ) (Eq. (15)). When the
direction of J (andB) is along the principal axes of the
mobility (or the Fermi surface), there is no off-diagonal
elements in µˆi, resulting in ∆ρ‖ = 0. On the other
hand, when J is diverted from the principal axes of the
mobility, the off-diagonal elements in µˆi become finite,
and they generate the finite ∆ρ‖. The mechanism of
the longitudinal MR can be understood intuitively as
follows: When J ‖ B, the Lorentz force v × B does
not work for carriers—an ordinary explanation for the
absence of the longitudinal MR. This is true when µˆ is
diagonal. However, when the off-diagonal elements in
µˆi are finite, the velocity components are not parallel
to the current as v = µˆ ·E. Such carriers that are not
parallel to the current experience the Lorentz force,
generating ∆ρ‖.
Figures 3 (a) and (b) shows the polar plots of MR
considering the rotation of the magnetic field of the
two-valley model. In Fig. 3 (a), J ‖ (100), and the
magnetic field is rotated in the (100)–(001) plane. In
Fig. 3 (b), J ‖ (110), and the magnetic field is rotated
in the (110)–(001) plane. In all the panels of Fig. 3,
ϕ = 0 corresponds to ∆ρ‖, and ϕ = pi/2 corresponds
to ∆ρ⊥. For the two-valley model with J ‖ (100),
∆ρ‖ never arises, whereas ∆ρ‖ arises for J ‖ (110) and
∆ρ‖ > ∆ρ⊥.
2.2. Three-valley systems
Here, we consider a system with three valleys, which
are perpendicular to each other, as displayed in Fig. 1
(b). This situation is close to n-type Si or SrTiO3,
although the degeneracy of three valleys is slightly
lifted in SrTiO3 at low temperatures [27, 28]. In
addition to Eq. (7), the third mobility tensor is given
by
µˆ3 = µ0

1 0 00 1 0
0 0 β

 . (17)
The derivations of ∆ρ⊥,‖ are the same as that for the
two-valley model. Fig. 3 (c) and (d) shows the polar
plots of MR of the three-valley model. For J ‖ (100)
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2-valley model
(a) J ‖ (100) (b) J ‖ (110)
(d) J ‖ (111)
3-valley model
(c) J ‖ (100)
4-valley model
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Figure 3. Polar plots of MR with respect to the rotation of the
magnetic field for (a, b) two-valley (β = 0.15), (c, d) three-
valley (β = 0.15), and (e, f) four-valley models (γ = 0.39).
The magnetic field orientation ϕ = 0 corresponds to ∆ρ‖,
and ϕ = pi/2 corresponds to ∆ρ⊥ in all panels. The current
orientation is fixed at J ‖ (100) in (a), (c), and (e) and at
J ‖ (111) or (110) in (b), (d), and (f). The magnetic field
orientation is set to be B ‖ (100) for ϕ = 0 and B ‖ (001) for
ϕ = pi/2 in (a), (c), and (e) and B ‖ (110) or (111) for ϕ = 0
and B ‖ (001) or (1¯1¯2) for ϕ = pi/2 in (b), (d), and (f). The
magnitude of the magnetic field is set to be µ0B = 1, 2, 3, 5, and
10.
[Fig. 3 (c)], ∆ρ⊥ is finite but ∆ρ‖ is zero as seen in the
two-valley system. The zero ∆ρ‖ can be attributed to
the absence of off-diagonal components in the mobility
tensor. However, when J ‖ (111) [Fig. 3 (d)], ∆ρ‖
becomes so large that ∆ρ‖ > ∆ρ⊥. A large ∆ρ‖ arises
because the current direction is diverted from each axis
of the valleys. Note that we used the following rotation
matrix
Rˆ =

1/
√
3 −1/√2 −1/√6
1/
√
3 1/
√
2 −1/√6
1/
√
3 0 2/
√
6

 (18)
for the transformation from J ‖ (100) to ‖ (111).
2.3. Four-valley systems
In a cubic system such as PbTe, four ellipsoidal valleys
appear along the direction of the body diagonal, as
displayed in Fig. 1 (c). The corresponding mobility
tensors are expressed as below:
µˆ1 = µ0

 1 −γ −γ−γ 1 −γ
−γ −γ 1

 , µˆ2 = µ0

 1 −γ γ−γ 1 γ
γ γ 1

 ,
µˆ3 = µ0

1 γ γγ 1 −γ
γ −γ 1

 , µˆ4 = µ0

 1 γ −γγ 1 γ
−γ γ 1

 .
(19)
The parameter γ expresses the anisotropy of each
valley. γ takes the value between 0 and 1/2. The
valley is isotropic for γ = 0 and becomes a cylinder
for γ = 1/2. (γ is related to β in the two- or three-
valley model through γ ↔ (1 − β)/(2 + β).) In this
case, the off-diagonal element appears everywhere in
the mobility tensor, which is the origin of the large
∆ρ‖, as explained below.
The conductivity tensor for i = 1 is obtained by
σ1xx = neµ0
(
1 +Dµ2
0
B2x
)
/C, (20a)
σ1yy = neµ0
(
1 +Dµ2
0
B2y
)
/C, (20b)
σ1zz = neµ0
(
1 +Dµ20B
2
z
)
/C, (20c)
σ1xy = −neµ0
[
γ + γ (1 + γ)µ0 (Bx +By)
+
(
1− γ2)µ0Bz −Dµ20BxBy]/C, (20d)
σ1yz = −neµ0
[
γ + γ (1 + γ)µ0 (By +Bz)
+
(
1− γ2)µ0Bx −Dµ20ByBz]/C, (20e)
σ1zx = −neµ0
[
γ + γ (1 + γ)µ0 (Bz +Bx)
+
(
1− γ2)µ0By −Dµ20BzBx]/C, (20f)
where
C = 1 + (1− γ2)µ20(B2x +B2y +B2z)
+ 2γ(1 + γ)µ2
0
(BxBy +ByBz +BzBx), (21)
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and D = (1 − 2γ)(1 + γ)2 = 1 − 3γ2 − 2γ3 is the
determinant of µˆi/µ
3
0
. The conductivity tensors for
the other valleyss are obtained almost the same form.
Only the difference is the sign of γ and the magnetic
field. For J ‖ (100), the transverse MR [B = (0, 0, B)]
is obtained as
∆ρ⊥
ρ0
=
(1− γ2)γ2µ20B2
1 + (1− γ2)2µ2
0
B2
, (22)
and the longitudinal MR [B = (B, 0, 0)] is obtained as
∆ρ‖
ρ0
=
2(1 + γ)γ2µ2
0
B2
1 +Dµ2
0
B2
. (23)
The ratio of ∆ρ‖ to ∆ρ⊥ is
∆ρ‖
∆ρ⊥
=
2
[
1 + (1− γ2)2µ2
0
B2
]
(1− γ)(1 +Dµ2
0
B2)
. (24)
At low fields, ∆ρ‖/∆ρ⊥ = 2/(1 − γ) > 2, and
∆ρ‖/∆ρ⊥ = 2(1 − γ)/(1 − 2γ) > 2 at high fields.
The longitudinal MR is more than twice larger than
the transverse MR for whole region of the magnetic
field, irrespective of the anisotropy. It is clear from
Eqs. (22)-(24), there is no reason that ∆ρ‖ is smaller
than ∆ρ⊥ except for a particular angle. The common
belief of ∆ρ‖ ≪ ∆ρ⊥ is valid only when the current
direction is along the axis of valleys. This is one of the
main results in the present paper.
Figure 2 (c) shows ∆ρ⊥,‖ of the four-valley model
as a function of µ0B (= ωcτ). In Fig. 2 (c), we
set γ = 0.39 to be consistent with the expereiments
on PbTe as discussed later. The solid lines are for
J ‖ (100), and the dashed lines are for J ‖ (111).
A notable ∆ρ‖ arises for J ‖ (100) . Both the
longitudinal MR and the transverse MR increase as B2
in the low field µ0B . 1, and saturate at high fields
µ0B ≫ 1. The saturated value of ∆ρ‖ for J ‖ (100)
is more than 5 times larger than that of ∆ρ⊥. The
large ∆ρ‖ can be seen more clearly if we look at the
polar plots of MR [Fig. 3 (e) and (f)]. For J ‖ (100),
∆ρ‖ (ϕ = 0) is larger than ∆ρ⊥ (ϕ = pi/2). The
origin of the large ∆ρ‖ is the same as that for the two-
and three-valley systems, but it is more highlighted
here. As the axes of the four valleys are diverted from
J ‖ (100), the off-diagonal elements appear everywhere
in the four-valley system, so that ∆ρ‖ becomes larger
than ∆ρ⊥. When the current direction is along one
of the body diagonals, J ‖ (111), ∆ρ‖ is weakened
[Fig. 3 (f)], because the mobility tensor of one of the
valleys becomes diagonal (the other three valleys are
still diverted from the current direction, so that they
contribute to ∆ρ‖.) Although the polar plots of MR
for the four-valley system [Fig. 3 (e), (f)] seem to
be completely opposite from that for the three-valley
system [Fig. 3 (c), (d)], whole polar plots can be
Δ
ρ
/ρ
0
Δ
ρ
‖ /
Δ
ρ
⊥
Δρ
‖
Δρ⊥
Δρ
‖
/Δρ⊥
0.01
0.1
1
10
10-4
10-3
0.05 0.50.01 0.1
1
10
100
γ
Figure 4. Anisotropy dependence of MR ∆ρ⊥,‖/ρ0 and their
ratio ∆ρ‖/∆ρ⊥ at high fields µ0B ≫ 1 for the four-valley
systems. The current direction is fixed at J ‖ (100).
10-4
10-3
10-2
0.1
1
10
1 10
Δ
ρ
/ρ 0
μ0B
4 K
77 K
295 K
ρ
‖
4 K
77 K
295 K
ρ⊥
ρ
‖
ρ⊥
10-2 0.1
n p n p
Figure 5. Magnetoresistance of experiments (symbols) by
Allgaier [15] and the present theory (solid lines) of the four-
valley model with γ = 0.39 as a function of µ0B (= ωcτ). Note
that here we plot the results in the SI unit instead of the CGS
unit, which was used in the original work by Allgaier [15].
explained consistently from the universal viewpoint of
off-diagonal mobility.
Another important factor of the large ∆ρ‖ is
the anisotropy of the mobility tensor, which is
characterized by γ in the current model. Figure 4
shows the γ-dependence of ∆ρ⊥,‖ for J ‖ (100) and
the γ-dependence of their ratio ∆ρ‖/∆ρ⊥. Both ∆ρ⊥,‖
increase as the anisotropy increases. Furthermore, the
ratio ∆ρ‖/∆ρ⊥ also increases as γ increases, and it
finally diverges at γ = 1/2.
3. Comparison with experiments
Lastly, we compare the theoretical results with the
experimental results. We summarize the experimental
data of PbTe by Allgaier for five samples, including n-
type and p-type carriers at T = 4.2, 77.4, and 295 K
[Fig. 5]. The experimental data are scaled into a single
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curve as a function of µ0B (= ωcτ) for each ∆ρ⊥ and
∆ρ‖. (Allgaier already scaled the experimental data
as a function of µ0B, but plotted them in separate
figures for each sample. Here we replot them into a
single figure.) This scaling property signifies that the
following properties are intrinsic to MR in PbTe: (i)
∆ρ⊥,‖ ∝ B2 for µ0B . 1, and (ii) ∆ρ⊥,‖ ∝ B0 for
µ0B ≫ 1. The only exception is ∆ρ⊥ in the large
µ0B region at 4K. There are two behaviors: ∆ρ⊥ is
saturated at µ0B ≫ 1 in two samples (both n-type and
p-type), and it increases linearly and is unsaturated at
µ0B ≫ 1 in one sample.
The theoretical lines in Fig. 5 denote the results
with γ = 0.39, which is determined so as to fit the
experimental data. (γ = 0.39 corresponds to β =
0.15). This anisotropy is consistent with the band
calculation of PbTe [29, 30]. It is unexpected that both
∆ρ⊥ and ∆ρ‖ can be well fitted simultaneously into a
single parameter γ. Therefore, we conclude that the
intrinsic property of MR in PbTe can be quantitatively
explained only within the classical theory of MR,
even at high fields µ0B & 1 for a wide range of
temperatures—4 K to room temperature.
Allgaier also reported the MR of PbS and PbSe.
The data are not sufficient to check the scaling behavior
of each ∆ρ⊥,‖. However, we have concluded two
properties of MR in PbS and PbSe: the magnitudes of
∆ρ/ρ0 and the ratios of ∆ρ‖/∆ρ⊥ in PbS and PbSe are
smaller than those of PbTe. This is consistent with the
observations of Kawakatsu et al. [12]. These properties
can be explained in terms of anisotropy. The Fermi
surfaces of PbS and PbSe are more isotropic than that
of PbTe [31, 12]. According to our results, ∆ρ⊥,‖/ρ0
increases as γ increases [Fig. 4].
The linear MR in PbTe is an extrinsic property,
but it appears only when µ0B > 1; i.e., it can be a
characteristic of high mobility samples. The linear MR
in PbTe has been observed repeatedly by [32, 12]. The
sample used by Kawakatsu et al. exhibits the linear
∆ρ⊥ around 1 T. This would be because of the high
purity of the sample with µ0=31 T
−1 (ρ0 = 9.3 µΩcm),
which sufficiently satisfies the condition µ0B ≫ 1.
According to our results, the linear MR can never be
explained within the classical theory, although the MR
can be apparently linear in the intermediate region
µ0B ∼ 1.
4. Conclusions
We have investigated the MR in the multivalley
systems based on the classical theory. It has been
clarified that the notable longitudinal MR, ∆ρ‖, is
realized when the current direction is diverted from
the axis of the ellipsoidal Fermi surface of each valley,
which sets aside the common belief. Analytical proofs
that ∆ρ‖ is larger than ∆ρ⊥ are given for a certain
direction of the current off from the axis of the
ellipsoids. The large ∆ρ‖ originates from the off-
diagonal components of the mobility tensor. The off-
diagonal components transfer the velocity of electrons
from parallel to non-parallel toward the magnetic
field direction, so that the Lorentz force works on
electrons, generating the longitudinal MR. This is the
first time to give a clear relationship between the large
longitudinal MR, ∆ρ‖ > ∆ρ⊥, and the axis of the
ellipsoids (the off-diagonal mobility tensor), which is
quite helpful for the intuitive prediction.
Our main finding is that there is no reason that
∆ρ‖ should be smaller than ∆ρ⊥. It depends on the
current orientation. ∆ρ‖ can exceed ∆ρ⊥ when the
current is diverted from the axes of all the valleys.
The common belief of ∆ρ‖ ≪ ∆ρ⊥ is valid only when
the current direction is along the axis of valleys. In
the case of the four-valley system, where the axis of
each ellipsoidal Fermi surface is oriented along the four
body-diagonal directions of the crystal, ∆ρ‖ is larger
than ∆ρ⊥, even at high fields µ0B ≫ 1.
Our classical theory can very well agree with the
experiments on PbTe, where ∆ρ‖ is larger than ∆ρ⊥ at
4 K to room temperature with n- and p-type samples.
Only one exception is the linear transverse MR at 4
K, which can never be explained based on the present
classical theory (and the semi-classical theory using the
Boltzmann equation; our classical formula is essentially
the same as the semi-classical formula). Recently, it
was shown that the results obtained by the classical
formula (and the semi-classical formula) almost agreed
with those obtained by the quantum theory based on
the Kubo formula assuming the constant relaxation
time τ [33]. Therefore, the quantum theory with
constant relaxation time will not be able to explain the
linear MR as well. The linear MR may be explained
by the extrinsic mechanism, i.e., the field dependence
of the relaxation time [11, 34], which will be discussed
in future studies.
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